Open groups of constraints - Integrating arbitrary involutions by Batalin, Igor & Marnelius, Robert
ar
X
iv
:h
ep
-th
/9
80
61
14
v4
  1
1 
A
ug
 1
99
8
Go¨teborg ITP 98-07
(Revised version)
Open groups of constraints
- Integrating arbitrary involutions -
Igor Batalin1 and Robert Marnelius2
Institute of Theoretical Physics
Chalmers University of Technology
Go¨teborg University
S-412 96 Go¨teborg, Sweden
Abstract
A new type of quantum master equation is presented which is expressed in terms of
a recently introduced quantum antibracket. The equation involves only two operators:
an extended nilpotent BFV-BRST charge and an extended ghost charge. It is proposed
to determine the generalized quantum Maurer-Cartan equations for arbitrary open
groups. These groups are the integration of constraints in arbitrary involutions. The
only condition for this is that the constraint operators may be embedded in an odd
nilpotent operator, the BFV-BRST charge. The proposal is verified at the quasigroup
level. The integration formulas are also used to construct a generating operator for
quantum antibrackets of operators in arbitrary involutions.
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1 Introduction.
In [1] we have introduced quantum antibrackets. They are new objects which cast new
light on the BV-quantization of arbitrary gauge theories. Here we show that they are also
useful in a more general context. In terms of the quantum antibracket we give a new simple
quantum master equation which we conjecture to encode the Maurer-Cartan equations and
their generalizations to open groups whose generators are in arbitrary involutions. This
conjecture is verified at the quasigroup level. The new master equation involves only
two operators: an extended nilpotent BFV-BRST charge and an extended ghost charge.
The construction is thus embedded in a general BRST framework which should make the
formulas useful for general gauge theories.
In section 2 we review the BFV-treatment of constraints in arbitrary involutions, and
in section 3 we present the new master equation for generalized quantum Maurer-Cartan
equations. In section 4 we treat quasigroup theories in detail, and in section 5 the formal-
ism is used to generalize the generating operator for quantum antibrackets given in [1] to
operators in arbitrary involutions.
2 Constraints in arbitrary involutions.
Consider classical, real constraints θa on a symplectic manifold. Their Grassmann parities
are ε(θa) ≡ εa(= 0, 1). θa are assumed to be in arbitrary involutions with respect to the
Poisson bracket, i.e.
{θa, θb} = U
c
ab θc, (1)
where the structure coefficients U cab may be arbitrary functions on the considered sym-
plectic manifold. It is well-known that this algebra always may be embedded in one single
real, odd function Ω on a ghost extended manifold in such a way that {Ω,Ω} = 0 in terms
of the extended Poisson bracket. Ω is the BFV-BRST charge [2]. The corresponding
quantum theory is consistent if the corresponding odd, hermitian operator Ω is nilpotent,
i.e. Ω2 = 0. For a finite number of degrees of freedom such a solution always exists and is
of the form [3] (N is the rank of the theory and θa are the hermitian constraint operators)
Ω =
N∑
i=0
Ωi, (2)
Ω0 ≡ C
aθa, Ωi ≡ Ω
bi···b1
a1···ai+1
(Pb1 · · · PbiC
ai+1 · · · Ca1)Weyl, i = 1, . . . , N, (3)
where we have introduced the ghost operators Ca, Pa, ε(C
a) = εa + 1, satisfying
[Ca,Pb] = ih¯δ
a
b , (C
a)† = Ca, P†a = −(−1)
εaPa. (4)
In (3) the ghost operators are Weyl ordered which means that Ωi are all hermitian. One
may notice that Ω in (2) has ghost number one, i.e.
[G,Ω] = ih¯Ω, G ≡ −
1
2
(PaC
a − CaPa(−1)
εa) , (5)
1
where G is the ghost charge. Ω determines the precise form of the quantum counterpart
of the algebra (1). A convenient form of this algebra is obtained if we rewrite Ω in the
following CP-ordered form [3]
Ω =
N∑
i=0
Ω′i, Ω
′
0 ≡ C
aθ′a,
Ω′i ≡ C
ai+1 · · · Ca1Ω′
bi···b1
a1···ai+1
Pb1 · · · Pbi , i = 1, . . . , N. (6)
The nilpotency of Ω requires then the algebra
[θ′a, θ
′
b] = ih¯U
′ c
ab θ
′
c, (7)
where the structure operators U ′ cab are given by
U ′
c
ab = 2(−1)
εb+εcΩ′
c
ab . (8)
In terms of the coefficient operators in (3) Ω′ cab and θ
′
a are given by
Ω′
c
ab = Ω
c
ab +
1
2
∞∑
n=1
(
ih¯
2
)n
(n+ 1)(n + 2)!Ωan···a1caba1···an(−1)
∑n
k=1
εak ,
θ′a = θa +
∞∑
n=1
(
ih¯
2
)n
(n+ 1)!Ωan···a1aa1···an(−1)
∑n
k=1
εak , (9)
which shows that θ′a in general are different from θa and in general not even hermitian.
However, the main point here is that Ω through e.g. (7) represents the quantum counter-
part of (1).
3 Quantummaster equation and generalized Maurer-Cartan
equations.
We want now to integrate the quantum involution (1) encoded in Ω as represented by e.g.
(7), or in other words we are looking for finite gauge transformations if θ′a are viewed as
gauge generators. We consider therefore the Lie equations
A(φ)
←
∇a≡ A(φ)
←
∂a −(ih¯)
−1[A(φ), Ya(φ)] = 0, (10)
where ∂a is a derivative with respect to the parameter φ
a, ε(φa) = εa. The operator Ya,
which depends on φa, must satisfy integrability conditions
Ya
←
∂b −Yb
←
∂a (−1)
εaεb = (ih¯)−1[Ya, Yb], (11)
which in turn are integrable without further conditions. In order for the Lie equations
(10) to be connected to the integration of the quantum involution (1) Ya(φ) has to be of
the form
Ya(φ) = λ
b
a(φ)θ
′
b(−1)
εa+εb + {possible ghost dependent terms}, λba(0) = δ
b
a, (12)
where λba(φ) are operators in general. One may note that in a ghost independent scheme
θ′a are the generators of the finite transformations. However, within our BRST framework,
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[Ω,Pa] = θ
′
a+ {ghost dependent terms}, are the appropriate generators. This motivates the
form (12) and it also makes it natural to expect Ya to have the general form
Ya(φ) = (ih¯)
−1[Ω,Ωa(φ)], ε(Ωa) = εa + 1, (13)
where Ya has ghost number zero and Ωa ghost number minus one. This form implies that
[Ya(φ),Ω] = 0, so that if [A(0),Ω] = 0 then [A(φ),Ω] = 0, i.e. a BRST invariant operator
remains BRST invariant when transformed according to (10). In the following we consider
Ya to be given by Ωa through equation (13). Equations (12) and (13) together with (2)
and (3) imply that Ωa in (13) must be of the form
Ωa(φ) = λ
b
a(φ)Pb + {possible ghost dependent terms}, λ
b
a(0) = δ
b
a. (14)
The integrability condition (11) for Ya leads then by means of (13) to the following equiv-
alent equation for Ωa
Ωa
←
∂b −Ωb
←
∂a (−1)
εaεb = (ih¯)−2(Ωa,Ωb)Ω −
1
2
(ih¯)−1[Ωab,Ω], (15)
where we have introduced the quantum antibracket defined in accordance with [1], i.e.
(A,B)Q ≡
1
2
(
[A, [Q,B]]− [B, [Q,A]](−1)(εA+1)(εB+1)
)
=
=
1
2
(
[[A,Q], B] − [[B,Q], A](−1)(εA+1)(εB+1)
)
, Q2 = 0. (16)
This expression satisfies all properties of an antibracket if A and B commute, or for more
general A’s and B’s under certain conditions [1]. Due to the form (14) of Ωa, eq.(15)
are generalized Maurer-Cartan equations for λba(φ). The integrability conditions of (15)
lead to equivalent first order equations of Ωab and so on. Thus, Ya is replaced by a whole
set of operators, and the integrability condition (11) for Ya is replaced by a whole set of
integrability conditions. What is amazing is that (15) together with all its integrability
conditions seem to be possible to embed in one single quantum master equation (eq.(20)
below) which involves only two operators. The first operator is an extended nilpotent
BFV-BRST charge involving the conjugate momenta pia to φ
a, now turned into operators,
and new ghost variables ηa, ε(ηa) = εa + 1, to be treated as parameters. It is
∆ ≡ Ω+ ηapia(−1)
εa , ∆2 = 0, [φa, pib] = ih¯δ
a
b . (17)
The second operator in the master equation is an even operator S(φ, η) defined by
S(φ, η) ≡ G+ ηaΩa(φ) +
1
2
ηbηaΩab(φ)(−1)
εb +
+
1
6
ηcηbηaΩabc(φ)(−1)
εb+εaεc + . . .
. . .+
1
n!
ηan · · · ηa1Ωa1···an(φ)(−1)
(εa2+...+εan−1+εa1εan) + . . . , (18)
where G is the ghost charge operator in (5). Our main conjecture is that the operators
Ωa1···an(φ) in (18) may be identified with Ωa, Ωab in (15) and all the Ω’s in their integrability
conditions in a particular manner. They satisfy the properties
ε(Ωa1···an) = εa1 + . . .+ εan + n, [G,Ωa1···an ] = −nih¯Ωa1···an . (19)
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The last relation implies that Ωa1···an has ghost number minus n. If we assign ghost
number one to ηa then ∆ has ghost number one and S has ghost number zero. The
operators Ωa1···an(φ) are determined by the following quantum master equation
(S, S)∆ = ih¯[∆, S], (20)
where (S, S)∆ is the quantum antibracket defined in accordance with (16). Thus, we have
(S, S)∆ ≡ [[S,∆], S]. (21)
Consistency requires [∆, S] to be nilpotent since
[∆, (S, S)∆] = 0 ⇔ [∆, S]
2 = 0. (22)
The explicit form of [S,∆] to the lowest orders in ηa is
[S,∆] = ih¯Ω+ ηa[Ωa,Ω] + η
bηaΩa
←
∂b ih¯(−1)
εb +
1
2
ηbηa[Ωab,Ω](−1)
εb +
+
1
2
ηcηbηaΩab
←
∂c ih¯(−1)
εb+εc +
1
6
ηcηbηa[Ωabc,Ω](−1)
εb+εaεc +O(η4). (23)
To zeroth and first order in ηa the master equation (20) is satisfied identically. However,
to second order in ηa it yields exactly (15). At third order in ηa it yields
∂aΩbc(−1)
εaεc +
1
2
(ih¯)−2(Ωa,Ωbc)Ω(−1)
εaεc + cycle(a, b, c) =
= −(ih¯)−3(Ωa,Ωb,Ωc)Ω(−1)
εaεc −
2
3
(ih¯)−1[Ω′abc,Ω],
Ω′abc ≡ Ωabc −
1
8
{
(ih¯)−1[Ωab,Ωc](−1)
εaεc + cycle(a, b, c)
}
, (24)
where we have introduced a higher quantum antibracket defined by (this expression may
be obtained from appendix B in [1])
(A,B,C)Q(−1)
(εA+1)(εC+1) ≡
≡
1
3
(
[(A,B)Q, C](−1)
εC+(εA+1)(εC+1) + cycle(A,B,C)
)
, Q2 = 0, (25)
where the quantum antibracket on the right-hand side is given by (16). It satisfies Leibniz’
rule if (16) does. The quantum antibracket (16) satisfies the Jacobi identities only if
(A,B,C)Q = 0 since we have
(A, (B,C)Q)Q(−1)
(εA+1)(εC+1) + cycle(A,B,C) =
= −
1
2
[(A,B,C)Q(−1)
(εA+1)(εC+1), Q] (26)
(cf. eq.(36) in [1]).
Comparing equation (24) and the integrability conditions of (15) we find exact agree-
ment. We have also checked that the consistency condition (22) yields exactly (11) to
second order in ηa, which is consistent with (15) as it should. Similarly we have checked
that (22) to third order in ηa yields a condition which is consistent with (24), exactly like
(11) is consistent with (15).
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The master equation (20) yields at higher orders in ηa equations involving still higher
quantum Ω-antibrackets defined in terms of lower antibrackets like in (25), and operators
Ωabc... with still more indices. We conjecture that these equations agree exactly with the
integrability conditions of (24). For a rank-N theory we expect that there exists a solution
of the form (18) to the master equation (20), which terminates just at the maximal order
ηN (for a particular example see next section).
4 Example: Quasigroup first rank theories.
As an illustration of our formulas we consider now constraint operators θa forming a rank
one theory in which case we have
Ω = Caθ′a +
1
2
CbCaU cabPc(−1)
εc+εb , θ′a ≡ θa +
1
2
ih¯U bab(−1)
εb . (27)
The nilpotence of Ω requires (7) and
(
ih¯UdabU
e
dc + [U
e
ab, θ
′
c](−1)
εcεe
)
(−1)εaεc + cycle(a, b, c) ≡ 0, (28)
and in addition also restrictions on the commutators [U cab, U
f
de]. The latter condition is
satisfied if
[U cab, U
f
de] = 0, [[θd, U
c
ab], U
g
ef ] = 0, (29)
which corresponds to quasigroups [4]. In this case Ωa may be chosen to be
Ωa(φ) = λ
b
a(φ)Pb, λ
b
a(0) = δ
b
a, (30)
where we assume that
[λba, λ
d
c ] = 0 ⇒ [Ωa,Ωb] = 0. (31)
The quantum antibracket (16) is then given by
(Ωa,Ωb)Ω = [Ωa, [Ω,Ωb]] = −(ih¯)
2λfaλ
e
bU
d
efPd(−1)
εd+εe+εf+εbεf +
+ih¯
(
λca[θ
′
c, λ
d
b ]− λ
c
b[θ
′
c, λ
d
a](−1)
εaεb
)
Pd(−1)
εc −
−ih¯
(
λfaC
e[U cef , λ
d
b ](−1)
εb(εc+1) − λfb C
e[U cef , λ
d
a](−1)
εa(εc+1)+εaεb
)
PdPc −
−Ce[[θ′e, λ
c
b], λ
d
a]PdPc(−1)
(εa+1)(εb+εc+1) −
−
1
2
CfCe[[U cef , λ
d
b ], λ
g
a]PgPdPc(−1)
εc+εf+(εa+1)(εb+εc+εd)+(εb+1)(εc+1). (32)
If we also require
(Ωa,Ωb,Ωc)Ω = 0 ⇔ [(Ωa,Ωb)Ω,Ωc] = 0, (33)
then (Ωa,Ωb)Ω in (32) satisfies the Jacobi identities which makes (15) integrable if Ωab = 0.
This condition is satisfied if we impose
[λba, U
c
de] = 0, [λ
b
a, [λ
d
c , θe]] = 0. (34)
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Eq.(15) may now be written as
∂aλ˜
c
b − ∂bλ˜
c
a(−1)
εaεb = λ˜eaλ˜
d
b U˜
c
de(−1)
εbεe+εc+εd+εe . (35)
where λ˜ba ≡ V λ
b
aV
−1 and U˜ cab ≡ V U
c
abV
−1 where in turn the operator V (φ) is determined
by the equation
ih¯∂aV = V λ
b
aθ
′
b(−1)
εb . (36)
Eq.(33) and Ωab = 0 make all higher integrability conditions identically zero. One may
note that
Ya(φ) = (ih¯)
−1[Ω,Ωa] = λ
b
aθ
′
b(−1)
εa+εb +
+λbaC
dU cdbPc(−1)
εa+εc + (ih¯)−1Cb[θb, λ
c
a]Pc. (37)
5 Application: Generating operators for quantum antibrack-
ets.
In [1] it was shown that quantum antibrackets for commuting operators or operators
satisfying a nonabelian Lie algebra may be derived from a generating operator Q(φ). Here
we generalize this construction to operators in arbitrary involutions. In distinction to the
case in [1] we define here the generalized generating operator Q(φ) by equation (10), i.e.
Q(φ)
←
∇a≡ Q(φ)
←
∂a −(ih¯)
−1[Q(φ), Ya(φ)] = 0 (38)
with the boundary condition
Q(0) = Q, Q2 = 0. (39)
Since (38) implies
[Q(φ), Q(φ)]
←
∂a= −(ih¯)
−1[Ya(φ), [Q(φ), Q(φ)]], (40)
the boundary condition (39) implies Q(φ)2 = 0 which shows that Q→Q(φ) is a unitary
transformation.
Following ref.[1] we define generalized quantum antibrackets in terms of Q(φ) according
to the formula
(Ya1 , Ya2 , . . . , Yan)
′
Q(φ) ≡ −Q(φ)
←
∂ a1
←
∂ a2 · · ·
←
∂ an (ih¯)
n(−1)En ,
En ≡
[n−12 ]∑
k=0
εa2k+1 . (41)
In particular we have then (At φa = 0 we have Ya(0) = θ
′
a+{possible ghost dependent terms}.)
(Ya(φ), Yb(φ))
′
Q(φ) ≡ −Q(φ)
←
∂a
←
∂b (−1)
εa(ih)2 =
=
1
2
(
[Ya, [Q(φ), Yb]]− [Yb, [Q(φ), Ya]](−1)
(εa+1)(εb+1)
)
−
−
1
2
ih¯[Q(φ), Ya
←
∂b +Yb
←
∂a (−1)
εaεb ](−1)εa , (42)
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where we have made use of (10). The third line, which makes (42) differ from (16), is the
price of a reparametrization independent extension of the definition (16) onto the space of
parameters φa. The reason for this is that (42) is a second derivative of a scalar, which is
not a tensor. Thus only within a preferred coordinate frame and at least at a fixed value
of the parameters φa can one expect the formula (42) to reproduce the original antibracket
(16). A similar situation is naturally expected to occur for all higher antibrackets as well.
We also expect the canonical coordinates which are well known in Lie group theory, to be
preferred ones also in the general case, so that all antibrackets would be reproduced in
these coordinates at φa = 0.
To illustrate the situation with the extension of the 3-antibracket, we give the following
explicit formula
(Ya(φ), Yb(φ), Yc(φ))
′
Q(φ)(−1)
(εa+1)(εc+1) ≡ Q(φ)
←
∂a
←
∂b
←
∂c (ih¯)
3(−1)εaεc =
=
1
3
(
[(Ya, Yb)
′
Q, Yc](−1)
εc+(εa+1)(εc+1) + cycle(a, b, c)
)
+
+
1
3
ih¯
(
[[Q,Ya], Yb
←
∂c +Yc
←
∂b (−1)
εbεc ](−1)εaεc + cycle(a, b, c)
)
+
+
1
6
(ih¯)2
(
[Q, (Ya
←
∂b +Yb
←
∂a (−1)
εaεb)
←
∂c](−1)
εaεc + cycle(a, b, c)
)
. (43)
Obviously the h¯-deviation from (25) vanishes together with the one for the 2-antibracket
in (42). However, the vanishing of the h¯2-deviation imposes a new condition. In the
corresponding φ-extended n-antibrackets obtained from (41) we expect to have deviations
involving up to n − 2 cyclically symmetrized derivatives of the 2-antibracket deviation
which in terms of canonically coordinates should vanish at φa = 0. The φ-extended n-
antibrackets will then exactly reproduce the original n-antibrackets at φa = 0.
For first rank theories equation (38) reduces to
Q(φ)
←
∂a= (ih¯)
−1[Q(φ), λba(φ)θ
′
b(−1)
εa+εb ] (44)
if we assume that Q(φ) commutes with the last terms in (37). Eq.(44) coincides ex-
actly with equation (67) in appendix B of [1] if U bab(−1)
εb = 0 or if Q(φ) commutes with
λbaU
c
bc(−1)
εc .
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